We discuss model building in tribrid inflation, which is a framework for realising inflation in the matter sector of supersymmetric particle physics models. The inflaton is a D-flat combination of matter fields, and inflation ends by a phase transition in which some Higgs field obtains a vacuum expectation value. We first describe the general procedure for implementing tribrid inflation in realistic models of particle physics that can be applied to a wide variety of BSM particle physics models around the GUT scale. We then demonstrate how the procedure works for an explicit lepton flavour model based on an A 4 family symmetry. The model is both predictive and phenomenologically viable, and illustrates how tribrid inflation connects cosmological and particle physics parameters. In particular, it predicts a relation between the neutrino Yukawa coupling and the running of the spectral index α s . We also show how topological defects from the flavour symmetry breaking can be avoided automatically. 
Introduction
The field of flavour physics is experiencing rapid experimental progress, e.g. increasingly precise measurements of the leptonic mixing angles and perspectives to measure currently unknown parameters, such as the leptonic Dirac CP phase and the neutrino mass ordering. This progress provides both a challenge for some of the existing models explaining the flavour structure of the Standard Model, and an opportunity to constrain and test such models with increasing precision. For example, the measurement of θ PMNS 13 by T2K [1] , Double Chooz [2] , RENO [3] , and in particular Daya Bay [4] , has put tensions on popular models that predict tribimaximal mixing, and has encouraged the search for new models that are compatible with the experimental values [5] .
A sufficiently complete particle physics model should also provide a consistent cosmological evolution. Many processes in the early universe happen at high energy scales, which makes these processes very sensitive to particle physics beyond the Standard Model. Inflation [6, 7, 8, 9] and baryogenesis are obvious examples. Inflation is driven by the potential of some scalar field, which can be identified with a new field of the particle theory, and baryogenesis is particularly sensitive to the flavour structure and CP violating interactions at high energies. Precision cosmology could therefore provide interesting hints to the high energy particle theory.
Several scenarios have been proposed for realising inflation with observable matter fields, e.g. Higgs inflation with non-minimal coupling to gravity [10, 11] , MSSM inflation near inflection points [12, 13] , and tribrid inflation [14, 15] . The inflaton in these models can be an observable gauge non-singlet field, like a Higgs field or some D-flat MSSM direction. In such models, the inflationary dynamics and the reheating phase depend on the couplings of these observable matter fields. Therefore, they have good prospects for connecting cosmological and particle physics observables, leading to more predictive, testable models.
In this paper, we discuss how tribrid inflation can be realised in flavour models. In the first section, we briefly review tribrid inflation and discuss the general procedure how it can be implemented in a given particle physics model. Afterwards, we provide an explicit example model with an A 4 family symmetry to demonstrate how this works in practice. The resulting model is predictive and phenomenologically viable. In particular, it connects cosmological and particle physics parameters, predicting a relationship between the running of the spectral index α s and the neutrino Yukawa coupling y ν or the right-handed neutrino mass m N . In the last section we show that the model can automatically avoid the production of potentially dangerous topological defects at the end of inflation, because the waterfall field receives a small shift already during inflation. We then finish with a summary of our results.
2 Tribrid inflation: A framework for connecting inflation with particle physics
In this section, we discuss tribrid inflation [14, 15] and how it can be implemented in supersymmetric particle physics models. We start with a brief review and then describe the requirements and the strategy for realising tribrid inflation in a given model. We will later apply this general strategy to an explicit A 4 model in section 3 as an illustrative example.
Short review of tribrid inflation
Tribrid inflation is a variant of supersymmetric hybrid inflation [16, 17, 18] , which uses a superpotential of the schematic form
with ≥ m ≥ 2. We use natural units with M Pl = (8πG) −1/2 = 1 to keep the notation simple.
With this superpotential, tribrid inflation is defined as single-field inflation along the Φ direction while H, S 0. Inflation ends with a waterfall transition in H, which is triggered when |Φ| < |Φ c |. The singlet field S is merely an auxiliary field which is approximately zero during and after inflation. The main difference between tribrid inflation and conventional SUSY hybrid inflation, which uses the singlet S as the inflaton, is that the tribrid inflaton Φ can be charged under symmetries. We can therefore use matter fields, e.g. D-flat MSSM directions, as inflaton directions. This connects inflation and particle physics more closely: inflation is most sensitive to the inflaton couplings, so if the inflaton is composed of observable matter fields, then the particle theory can more easily constrain inflationary predictions.
It turns out that depending on and m, the effective inflaton potential V (Φ) is dominated by different contributions, leading to qualitatively different regimes: [19, 20, 21] : In this case, V (Φ) is usually dominated by one-loop quantum corrections to the effective potential. The inflaton potential can receive dangerously large supergravity contributions from the Kähler potential, but these can be avoided either by the use of symmetries in the Kähler potential [19, 21] or by a percent-level tuning of one Kähler potential parameter.
• ≥ m = 2 ("Kähler-driven regime") [22] : In this case, V (Φ) is generated mostly from Planck-suppressed operators in the Kähler potential. 4 For Φ M Pl , where the effective field theory (EFT) is valid, the resulting inflaton potential usually has a hilltop-type shape with only three relevant parameters. Kähler-driven inflation can produce an observably large α s > 0, which -if it should be measured -could fix the most important model parameter, and also rule out the other regimes of tribrid inflation.
• ≥ m > 2 ("pseudosmooth regime") [23] : In this case, V (Φ) is generated from the superpotential coupling λH m Φ n , with H = 0 already during inflation. Inflation proceeds similar to smooth hybrid inflation, but ends with a waterfall. Note that because H = 0 already during inflation, no topological defects are formed during the waterfall transition. The predictions have so far been calculated for = m only, so it is not yet clear whether models with > m > 2 can generate the observed CMB spectrum.
The generic predictions for tribrid inflation within the EFT regime are r 0.01, M O(10 16 GeV) and α s 0. The small tensor-to-scalar ratio is typical for small-field models and the mass scale M ∼ M GUT is typical for hybrid inflation. Some of these are falsifiable predictions: an observable α s > 0 would exclude both the loop-driven and the pseudosmooth regimes, and an observable α s < 0 or r > 0.01 would exclude all three regimes of tribrid inflation.
In addition to these rough predictions, tribrid inflation provides relations between CMB observables and model parameters. These detailed predictions depend on the regime. For example, the Kähler-driven regime links the running of the spectral index α s to the superpotential coupling λ and the symmetry breaking scale H . These relations can connect cosmology and particle physics in explicit models.
Tribrid inflation model building
In this paper, we focus on tribrid inflation in the Kähler-driven regime:
with ≥ 3, n ≥ 2. For model building purposes, one should realize that H , H 2 and Φ n can be D-flat combinations of different fields:
We can, for example, use some D-flat MSSM direction as the inflaton by replacing
Note that H and H m can be partially composed of different fields, as long as at least one of the fields in H and H m is the same. For example, one could have (1), and κ 011 is a parameter of the Kähler potential as defined in ref. [22] . The width of the bands is due to free parameters of the Kähler potential related to the quartic inflaton coupling [22] .
Linking model parameters to the CMB Slow-roll inflation links the model parameters to observables in the cosmic microwave background (CMB), so the parameters can be constrained from measurements of the spectral index n s and the running of the spectral index α s . The resulting constraints on m Φ and y Φ after inflation are shown in fig. 1 .
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Inflation also constrains the symmetry breaking scale of the waterfall transition by constraining the value of κM 2 . This translates into bounds on H , which are also shown in fig. 1 .
Note that κ is a free parameter of the model. The plots are shown for κ = 1 and = 3. For smaller κ and larger , the predicted masses and Yukawa couplings are larger due to H = ( √ V 0 /κ) 1/ , with V 0 fixed by inflation. Similar plots for = 3 can be found in appendix A.
Tribrid inflation in an A 4 lepton flavour model
We now want to illustrate how tribrid inflation can be implemented in an explicit particle physics flavour model. We present an example model based on a discrete A 4 family symmetry 7 to generate the leptonic Yukawa couplings and neutrino masses. We will assume that in addition to the family symmetry, there is also a CP symmetry which is broken spontaneously only by the vacuum expectation values (vevs) of the flavons. One can easily realize tribrid inflation in this model using either the D-flat LH u direction or a sneutrino direction. The model then predicts a relationship between the running of the spectral index α s and the neutrino Yukawa coupling or the heavy neutrino mass.
Interestingly, the production of topological defects during the waterfall transition may be avoided, because the waterfall field can be slightly shifted already during inflation. This is related to our choice of the flavon alignment potential, as we will discuss later in section 4.4.
Our model is an alternative to flavon inflation [25] , where one of the A 4 symmetry breaking flavons is the inflaton. Both models use similar types of superpotentials and relate the flavour symmetry breaking scale to the amplitude of the CMB fluctuations. 8 However, in our tribrid model the inflaton is a combination of matter fields. Since the CMB spectrum is related to the inflaton couplings, this can lead to particularly close relations between observables from inflation and particle physics. One advantage of using flavons as the inflaton [25] is that topological defects from the A 4 symmetry breaking are automatically inflated away, because the symmetry breaking occurs at the beginning and not at the end of inflation. Our model instead requires a mechanism to avoid or remove topological defects from the waterfall transition, like the one discussed in section 4.
Model outline
The model is based on the superpotential
where summation over i, j = 1, 2 is implied. The lepton doublets L and the flavons Θ n are A 4 triplets, while the flavon Θ S is an A 4 singlet.
In this expression, the first terms are the lepton Yukawa couplings and the right-handed neutrino masses. W fl is the flavon alignment superpotential that enforces the correct breaking of the A 4 flavour symmetry via vacuum expectation values Θ n . W misc contains the quark Yukawa couplings and possibly additional interactions which are not relevant for our purpose. How this model relates to the simple tribrid superpotential from eq. (2) will be explained in section 3.2.
The flavon alignment superpotential of our model has the following form:
Terms [Θ i ] n stand for all possible A 4 contractions of the field. 9 Θ 3 2 is the symmetric A 4 product of three triplets. The symmetries and charge assignments for the entire superpotential are discussed in appendix C. Prefactors which are not needed in the later calculations are dropped for brevity. κ, µ 2 , α 1 and α 2 are real in a suitable basis due to the assumed CP symmetry (before family symmetry breaking). n 1 , n 3 , n 4 and n 6 can take even integer values and n 7 any integer value greater than two.
The flavon alignment potential fixes the vacuum expectation values in the true vacuum to be
where the ± can be chosen independently from each other with the constraint that Θ 1 ⊥ Θ 2 , and c i ∈ R, with global phases of the Θ i absorbed by redefinitions of the fields. For k 5 > 3 in eq. (5), the terms for Θ 5 lead to a phase difference of π/2 between the two components of the flavon vev. The relative size of the components, parameterized by ϑ 5 , can be adjusted by the value of k 5 (cf. [26] ).
T , this vacuum alignment will generate leptonic Yukawa matrices of the form
and a diagonal right-handed neutrino mass matrix
y ν and M R generate the light neutrino masses via the seesaw mechanism and realize socalled "constrained sequential dominance" [27] where the mixing in the neutrino sector is tri-bimaximal [28] . The total leptonic mixing receives a contribution from the 1-2 mixing in y e . This induces a non-zero θ
Furthermore, the leptonic Dirac CP phase δ PMNS is maximal,
due to the phase difference between the components of Θ 5 . Plugging this into the lepton mixing sum rule [29] , θ
• , which is applicable here since the 1-3 mixings in the mass matrix of the light neutrinos and in y e both vanish, we can further see that θ PMNS 12 is not affected by charged lepton 1-2 mixing, and therefore is predicted to be close to the tri-bimaximal value. Also θ PMNS 23 does not receive a contribution from charged lepton mixing, and we obtain θ PMNS 12
35.3
• , θ PMNS 23
Thus, θ 12 , θ 23 and δ PMNS are predicted by the model, while θ 13 can be fitted by choosing a suitable ϑ 5 , which in turn depends on the parameter k 5 in the flavon alignment potential. 
Inflaton directions for tribrid inflation
The first step for implementing tribrid inflation in any model is to find suitable inflaton and waterfall directions in the superpotential. In our A 4 flavour model, possible waterfall directions are given by the flavon directions Θ i and possible inflaton directions are given by D-flat combinations of matter fields.
As we have mentioned in section 2.2, Kähler-driven tribrid inflation requires a superpotential term of the form λH 2 Φ n or λHXΦ n , where H is the waterfall field, Φ n is a D-flat inflaton direction and X is some matter field with X 0 during and after inflation. In the superpotential (4), the candidate terms are
j , for any j ∈ {1, 2}, without implied summation over j.
In the first case, N j = 0 during inflation, and tribrid inflation predicts the Yukawa coupling y ν j = λ j Θ j as a function of α s ( fig. 1 ). In the second case, the right-handed sneutrino N j is the inflaton and tribrid inflation predicts its mass
Pl as a function of α s ( fig. 1) .
We assume that Θ S and all Θ i (i = 1, ..., 6) except Θ j have already settled at their minimum 60 e-folds before the end of inflation, 12 so that only the dynamics of the inflaton Φ n and the chosen waterfall field Θ j are important.
Sneutrino inflation
Using N 2 j =: Φ 2 as the inflaton direction is straightforward, as N j does not have any A 4 structure, and the operator Θ S Θ 2 j N 2 j stabilizes all components of the A 4 triplet flavon Θ j during inflation. The relevant terms during inflation exactly reduce to the simple structure of eq. (2), and we expect that the usual results for Kähler-driven tribrid inflation apply. 
Lepton-Higgs inflation
Using LH u as the inflaton direction, we must account for the possibility that the Θ i , i = j, can induce a large F-term potential for the inflaton:
During inflation, these terms can generate a large inflaton potential except if L ⊥ Θ i .
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This means that the inflaton component with L Θ i will be quickly driven to zero. If inflation lasts more than the bare minimum of 60 e-folds, we can therefore assume that L ⊥ Θ i throughout the last 60 e-folds of inflation.
For j = 1 or j = 3, the model then again reduces to eq. (2), with LH u =:ê φ Φ 2 , wherê e φ ⊥ Θ i =j is the inflaton direction in A 4 space, normalized to |ê φ | 2 = 1. The case j = 2 is more complicated and will be discussed below.
Unique inflaton direction for preventing topological defects
Many models of hybrid inflation can produce dangerous topological defects at the end of inflation, and the above model is no exception. In our case, the waterfall transition for 12 Otherwise, we would have multi-field inflation with several waterfalls. Only after the last waterfall will the vacuum energy be zero, so we expect that inflation continues until the last flavon field moves towards its minimum. 13 The off-diagonal neutrino mass term γ 12 Θ S Θ 1 Θ 2 N 1 N 2 can be ignored during inflation because Θ 1 ⊥ Θ 2 is enforced by the flavon alignment potential (5).
14 The F-terms could also be minimised by
). This ambiguity disappears if we include Hubble-scale mass terms for the N i , which can be naturally generated from the Kähler potential.
the Θ j usually generates Z n domain walls. The model therefore needs some mechanism to either prevent their production or to remove the domain walls after they have formed.
In tribrid inflation, the problem is alleviated by the fact that the inflaton can be charged under the symmetries of the waterfall field, and therefore those symmetries are usually broken already during inflation. If the symmetry breaking is transmitted to the waterfall field, e.g. via additional inflaton-waterfall field couplings, the formation of topological defects at the end of inflation may be avoided. [15] However, in this paper's A 4 model there is one unique inflaton direction for which the production of domain walls is avoided automatically: the LH u direction with Θ 2 as the waterfall field (j = 2). We want to discuss this case in more detail in section 4.
Summary
In this section, we have presented an explicit flavour model based on an A 4 symmetry, which makes testable predictions for θ PMNS 12 , θ
PMNS 23
and for the Dirac CP phase δ PMNS . We have shown that tribrid inflation can be easily realised in these models: we found six possible inflaton trajectories which predict a relation between the running of the spectral index α s and either one of the neutrino Yukawa couplings y ν or one of the right-handed neutrino masses m N .
The analysis of this section can be easily repeated for other flavour models based on different family symmetries and flavon alignment potentials to realise tribrid inflation in various different models that are motivated from particle physics.
Inflationary trajectory without topological defects
As we have discussed in section 3.2.3, one can use different mechanisms to avoid the overproduction of topological defects at the end of inflation. In this section, we discuss a particular inflaton trajectory for which topological defects are avoided automatically, because the waterfall field has a small shift during inflation. In our model, this naturally occurs for inflation along the LH u direction with Θ 2 as the waterfall field. We restrict our analysis to that special case throughout this section.
We will need to keep track of the different A 4 triplet components of both the inflaton and the waterfall field, so it will be useful to introduce the notation
where we chose an inflaton direction which satisfies the condition LH u ⊥ Θ 1 which we have explained in section 3.2.2.
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We should also note that during inflation Θ 1 can have any value
The flavon alignment potential (5) only fixes u and v when Θ 2 has a sufficiently large vacuum expectation value, i.e. after the waterfall transition. During inflation, u and v are instead determined by their initial conditions.
Shift in Θ 2
To see that Θ 2 is non-zero during inflation, we need to minimize its scalar potential during inflation. The relevant superpotential terms are
We use the A 4 contractions, with ω = e 2πi/3 :
When calculating the F-term potential, we must include the Kähler potential coupling
The F-term potential then becomes
The last term enforces Θ 1 ⊥ Θ 2 , which implies that y = εv, z = −εu, for some ε ∈ C (19) and which also guarantees that we can ignore the operator γ 12 Θ S Θ 1 Θ 2 N 1 N 2 throughout this calculation.
Shift in y and z
To find the shifts in y and z, we approximate x 0 and N 2 0. We will later see under which conditions this approximation is valid. With this approximation and eq. (19), the potential (18) simplifies to Minimizing the potential with respect to |ε| 2 gives
with γ := α 
For
Note that the potential is not minimized with respect to Θ 1 = (0, u, v). Instead, u and v are constants given by the initial conditions, because in general their potential is very flat compared to the inflaton potential, and therefore the fields can be treated as constant during inflation. 
Shift in x
Using the shifts in y and z, but still assuming that S 2 = N 2 = 0, we can find the minimum for x by minimizing eq. (18):
The two dominant terms are λ term is also negligible, as we will find that x 2 κ Θ V 0 . We can therefore minimize the simple potential
16 u and v initially minimize the F-term potential for Θ 2 = 0, so the only term which induces a potential for u and v is the interaction term α 2 3 |Θ 1 · Θ 2 | 2 , which creates a potential for Θ 1 and Θ 2 when they are not perpendicular to each other. However, this potential for each field is proportional to the vacuum expectation value of the other field, and due to Θ 1 ∼ µ 1 Θ 2 ∼ H, the potential will generally be much greater for Θ 2 and thus be minimized by an adjustment in Θ 2 .
with respect to x. The result is
During inflation, we have λ V 0 , so x is suppressed with respect to y, z ∼ √ κ Θ V 0 . This justifies our assumption in section 4.1.1, where we set x 0 for the calculation of the shifts in y and z.
Near the critical point, we find that x is no longer suppressed with respect to y and z:
In this case, y and z are no longer stabilized by |∂W/∂D 2 | 2 and |∂W/∂D 2 | 2 , and we expect Θ 2 to roll down the potential along the direction x y z. Therefore, near the critical inflaton value, we could have a smooth transition towards the minimum of the waterfall field instead of a sudden waterfall at Φ = Φ c . Anyway, as the waterfall potential is steep, we expect inflation to end quickly near Φ Φ c , so that the model still approximately acts as a model of Kähler-driven tribrid inflation.
We expect that the predictions for α s and H are not influenced by the shift in Θ 2 , as they depend only on the inflaton potential far away from the critical point. However, λ 2 (and the derived y ν 2 ) might be changed by approximately up to a factor of ∼ exp(±δN/10), where δN is the number of e-folds before the critical point at which the shift in Θ 2 becomes relevant. 
Shifts in other fields
S 2 and N 2 also get small shifts due to the shift in x. However, these are completely negligible if S 2 and N 2 also get positive Hubble-size masses from the Kähler potential: in that case, one can easily show that S 2 N 2 |x|. We therefore set S 2 , N 2 0 in this paper.
Inflaton potential
The shift in Θ 2 induces a small correction to the inflaton potential from
For Φ Φ c , the extra inflaton potential that is induced by Θ 2 = 0 is therefore much smaller than the inflaton potential V φ V 0 (1 + a φ 2 + b φ 4 ).
We conclude that despite the shift in Θ 2 , inflation is mostly Kähler-driven, except possibly near Φ Φ c around which we expect inflation to end anyway. Therefore we can approximately use the predictions for y ν 2= y ν and Θ 2 = H from fig. 1 , which have been calculated for purely Kähler-driven tribrid inflation.
Possible variant:
A simple variant of this model can be obtained by replacing the vacuum energy term for Θ 2 in the superpotential:
The replacement suppresses the shift in x during inflation by another power of y 2 + z 2 ∼ V 0 ∼ 10 −12 , which makes it completely negligible. This improves the quality of our approximations and we expect that the model will behave more exactly like purely Kähler-driven tribrid inflation, even very close to Φ Φ c . Nevertheless, this setup may still remove domain walls during the waterfall transition, as the potential still prefers a specific phase for x when x, y and z grow during the waterfall transition.
However, it is not clear whether the preference is sufficiently large to either prevent the production of domain walls or to efficiently remove them if they are produced. To answer this question, the preheating phase should be studied in detail, which is beyond the scope of this paper.
Conditions for applying this mechanism
We have seen that if the flavon Θ 2 is identified with the waterfall field and LH u with the inflaton, the waterfall field obtains a small shift during inflation, which can help with preventing domain walls. However, if we had used Θ 1 or Θ 3 as the waterfall field or N 2 as the inflaton, no such shift would have occured during inflation.
In this section, we briefly want to sketch which characteristics of the superpotential determine whether the waterfall field obtains a shift during Kähler-driven tribrid inflation or not.
The main condition can be split in three parts:
1. The waterfall field H consists of several fields, e.g. it is a multiplet under some symmetry.
2. At least one of the multiplet components of H does not receive a mass from the inflaton.
3. The same multiplet component of H does not receive a mass term from the alignment potential, but is instead stabilized by higher-order terms only.
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Let us apply these considerations to our example model: The first condition restricts the range of waterfall fields for which this mechanism can work. In our model it is satisfied because we use an A 4 triplet flavon as the waterfall field. The second condition explains why we do not get a shifted waterfall field when we use N 2 as the inflaton: the superpotential term
2 provides masses to all three A 4 components of Θ 2 as long as N 2 > Φ c , so the waterfall field is stabilized exactly at zero during inflation. The third condition explains why using Θ 1 or Θ 3 does not lead to shifted waterfall trajectories. Although an LH u inflaton only provides masses to one of the three A 4 components of Θ j , the other two components acquire mass terms from the flavon alignment potential via the terms W
Therefore, during inflation all three A 4 directions of the waterfall field are stabilized at zero, and no shift can occur.
Summary and conclusions
We have discussed how Kähler-driven tribrid inflation can be implemented in realistic particle physics models, using a D-flat combination of charged matter fields as the inflaton and a Higgs field as the waterfall field to terminate inflation. We explained how one can identify suitable inflaton and waterfall fields and which predictions tribrid inflation makes for the model parameters. Our strategy can be easily applied to a wide range of models based on different symmetries, leading to predictive models of inflation in motivated particle physics models.
As an explicit example, we have analysed a particular flavour model based on a spontaneously broken A 4 family symmetry. The inflaton can be either a right-handed sneutrino or a D-flat LH u direction, and tribrid inflation predicts a relation between the running of the spectral index α s and either the right-handed neutrino mass m N or the neutrino Yukawa coupling y ν . The model also predicts θ 23 = 45
• and a relation between the mixing angles and the leptonic Dirac CP phase.
Further predictions could be obtained from a detailed study of the reheating phase [30] . As the inflaton is composed of MSSM fields, its couplings to the visible sector are known (or could be measured with a collider), so one could calculate extra bounds from leptogenesis or from possible overproduction of gravitinos or dark matter. Though such an analysis is beyond the scope of our paper, it is important to realize that by realizing inflation in the visible matter sector, models of tribrid inflation can be very predictive in principle.
We have also shown that in our A 4 model, the formation of topological defects at the end of inflation can be avoided automatically, because the waterfall field can have a small shift. This is related to our choice of the flavon alignment potential. We expect that such a shift could be generated in models with other discrete family symmetries as well. (1), and κ 011 is a parameter of the Kähler potential as defined in ref. [22] . The width of the bands is due to free parameters of the Kähler potential related to the quartic inflaton coupling [22] . (1), and κ 011 is a parameter of the Kähler potential as defined in ref. [22] . The width of the bands is due to free parameters of the Kähler potential related to the quartic inflaton coupling [22] . (1), and κ 011 is a parameter of the Kähler potential as defined in ref. [22] . The width of the bands is due to free parameters of the Kähler potential related to the quartic inflaton coupling [22] .
B Kähler-driven tribrid inflation potential for composite inflaton
When we compose the inflaton as Φ n = Φ 1 Φ 2 · · · Φ n , e.g. Φ 2 := LH u , the inflaton potential V (φ 1 , φ 2 , . .., φ n ) depends on all φ i independently. In this section, we show that the inflaton trajectory during Kähler-driven tribrid inflation nevertheless has the same inflaton potential as if it was a single scalar field. This ensures that the predictions for the single-field case still apply even when we replace Φ n → Φ 1 Φ 2 · · · Φ n .
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B.1 Multifield inflaton potential
We assume that the Kähler potential depends only on the modulus squared of the superfields:
The inflaton potential, expressed in terms of canonically normalized real scalar fields
|Φ i |, then turns out to be:
with the coefficients
These coefficients depend entirely on the Kähler potential, and if the cutoff scale is around the Planck scale, we find that a i , b ij O(1).
B.2 Deviation from D-flatness
In this section, we work with only two fields Φ 1 = L and Φ 2 = H u to keep the discussion simple:
From this function, we want to derive the one-dimensional inflaton potential V (φ) along the inflaton trajectory. The D-term will generally depend on the gauge charges of the φ i . In our example Φ 1 = L and Φ 2 = H u :
The second term enforces that L and H u have opposite weak isospin. As the inflaton potential does not otherwise depend on the SU (2) L structure of L and H u , this condition will be satisfied during inflation, and the term will be zero. The first term enters the inflaton potential V (φ 1 , φ 2 ):
where we defined d := 
If we insert this in eq. (33), we get
with
and
where a, b describe the averaged potential for φ 1 and φ 2 , while ∆a, ∆b quantify the asymmetries between the potentials for φ 1 and φ 2 :
In these equations, V φ contains the couplings along the perfectly D-flat direction, while V δ contains the potential due to the inflaton's deviation from D-flatness. The minimum of δ can be found by minimizing eq. (37):
If we assume that δ tracks its minimum perfectly, then the effective inflaton potential is given by
The inflaton potential is changed by
With d ∼ O(10 10 ) and ∆a, ∆b O(1), this correction is negligible compared to V φ , so assuming D-flatness is a very good approximation.
We should still check that m 2 δ > H 2 = V 0 /3 to justify our assumption that δ tracks its minimum: 
Therefore, m δ H, and our assumption that δ = δ min is warranted.
We conclude that any deviation from D-flatness during Kähler-driven tribrid inflation is completely negligible, and the inflaton potential indeed reduces completely to the simple single-field form (36) which has been previously studied in [22] .
C Symmetries for the A 4 flavour model
The superpotential (4) can be fixed by a set of suitable shaping symmetries in addition to the A 4 family symmetry. In particular, one can use an U (1) R symmetry, under which the superpotential has charge 2, and one Z n symmetry for each flavon field. The U (1) R charge assignment is straightforward. The mass parameters µ i in the superpotential cannot be charged, so the S i must have 2 units of U (1) R charge. Then the Θ i cannot have any U (1) R charge. Knowing this, we also find that the other auxiliary fields A i , P ij and D i need 2 units of U (1) R charge. The only freedom we have is in the lepton sector, where we can distribute the U (1) R charge between the Higgs doublets H u , H d and the lepton fields L, N i , E i . We choose to keep the Higgs fields uncharged and give 1 unit of U (1) R charge to each lepton.
To construct the Z n symmetries, we start with the observation that we want to keep the different flavons separate in the S i (Θ n i i −µ 2 i ) terms. For this reason, we start with one Z k i n i symmetry for each flavon, with any set of positive integers k i , under which the i-th flavon has charge k i . To simplify the notation, we instead work with k i = 1 and allow fractional charges for the other fields, except for the A 4 singlet flavon Θ S , which we normalize to 2 units of charge.
With the flavon charges fixed, we can uniquely determine the Z n charge assignments for the auxiliary fields S i , A i , P ij and D i by demanding that all terms in the superpotential must be allowed by the Z n symmetries.
The electron Yukawa couplings ΘLH d E can always be allowed by choosing suitable charges for the E i , which do not appear anywhere else. This fixes the E i charges. Now the only remaining task is to make sure that the neutrino Yukawa coupling and mass terms are allowed by the Z n symmetries. There are several possible solutions, of which we have chosen a particularly simple one for table 1.
